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1. Introduction

While it goes without saying that computing devices needespad time (spacetime), nothing
in Turing’s theory of idealized computation prepares omeHe rich nature of a computer’s
dependence on the underlying spacetime geometry. Nor datethélory prepare one for the
vast array of non-Turing computers (and one computer uteng) obtained by painting

ordinary Turing machine hardware on a variety of difiergeometries. Different geometries
yield radically different computers, and the range of coensuéxtends way beyond Turing’s

machine. Explicating and assessing this discovery islfeet of this article.

The discovery itself derives from a physical theotfally general relativity: Section 2); but
its significance lies primarily with the pure mathemalfiogical concept of computability
(Computability). According to the orthodox position, Compilitghis captured by Turing’s
picture of that concept. In response to the newly dewal/ deep connection between
Computability and (the concept of) Geometry, | proposiffarent picture. In this picture
Computability is awo-sidedconcept like the concept of geometry (Geometry), aadothre
side contains Turing’s picture as a detail. What | meahis. Geometry began as Euclidean
geometry, but with the emergence of the non-Euclideamge®s, Geometry became a two-
sided concept, with the pure geometries on one side anitadhgsometry on the other.
Similarly, 1 maintain, for Computability. Computabilityegan as Turing computability, but
with the emergence of non-Turing computers, Computahjtipears two-sided, with the pure

computers on one side and physical computability on ther ot



A consequence of adopting this new picture is that theTmwimg computers are viewed in
the way one views non-Euclidean geometries—as bonanfidkels on a par with the original
model (Euclidean, Turing). Pure computers no more compekeeach other than do pure
geometries. It follows that the Church-Turing thesidiclv is an attempt to single out
fundamentally one particular model, just dissolves. Gtamtere needs to be said; it is in

Section 7.

This approach to Computability, this way of viewing tmacept, is not something that lends
itself to proof, any more than the two-sided view of Geometry caprioged. Issues of this
nature are settled in court. A case is made, a verdiehgAfter a hearing which began with
Gauss and ended decisively with Einstein, two-sided Gegmess finally upheld. In trying to
reach a judgment on Computability, we should be guided b@&é#mmetric case for the two
cases are far from independent. When presented withrgamant raised against the new
computers, ask: does this argument have a counterpaet @®detbmetry case, i.e. an argument
raised (unsuccessfully of course) against the non-Eucligeametries? If the answer is

positive, then the cross-conceptual link exposes thedasf the new argument.

This is the key to understanding Computability: viewing @otability through the lens of
Geometry. It's the central message of this arti€lemputability is painted on Geometry.
Computability is analogous to Geometry. Think Computgbilihink Geometry. Slogans

aside, the idea is basic.

This, in outline, is the view presented here. Theestiltjas a short history, which began with
Pitowsky (1991), Hogarth (1992), and some unpublished work by Déaiaiment of around
the same time. The story began with a curious discaawyt spacetime—so this is the place

to start.
2. Spacetime: an overview

‘Henceforth space by itself, and time by itself, do®med to fade away into mere shadows,

and only a kind of union of the two will preserve an peledent reality.” Minkowski

The union of space and timespacetimeFigure 1 depicts a spacetime diagram representing
Newtonian spacetime. By convention, time is depicteticadly, space horizontally. A
horizontal ‘slice’, as shown, is all of spacetimeoat instant: a ‘snapshot’ of the world. The

collection of all these (3-dimensional) spatial slitaisen through all of time is spacetime. A



point in the spacetime diagram represents a spaceviem i.e. an instant of time at a point in
space. (The rapid explosion of a tiny firecracker markewent.) If an object persists in time,
then it defines a path aworldline through spacetime. An object’s worldline represents the
entire ‘history’ (past and future) of the object. A psent object might be referred to as an
observer(but there is no implied act of observation). On timee axis itself, the space
coordinate is zero by definition; so the time axipresents the worldline of a stationary
object, or observer. Any worldline parallel to theeiaxis is also stationary; a non-parallel but
straight line represents an observer moving at nom-zenstant velocity (with respect to the
stationary worldlines). A curved worldline representsohserver whose velocity changes in

time, i.e. acceleration.
Insert Figure 1

The context of our discussion is Einstein’s generairhef relativity. In this theory gravity is
not a force but rather an aspect of spacetime curvdtoeely falling particles, i.e. particles
influenced only by gravity, traverse geodesics of thenggty. This means that two particles,
which appear to be drawn together by a gravitationakfoare in fact following converging
geodesics. The geometry itself is determined by theemdigtribution, in accordance with the
Einstein Field Equations. Since there are many possiateer distributions, there are many

possible geometries.

Two features that distinguish any ‘relativistic’ spawcetifrom Newtonian spacetime are
particularly relevant to our discussion here. The f#ghe existence of a cosmic speed limit:
no observer is permitted to travel faster than thedd light,c. Units can be chosen so that
c=1, in which case light moves on worldlines af 4& the coordinate axis (Figure 2a). The
light rays through an eveptform alightconewith apexp. An observer ap can (must) travel
into the interior of the light cone, but not outside tdone, for that would require the observer
to travel faster thaw. Only light can (again, must) travel on the conelfitSéhe lightcone
structure therefore provides the map of where obsemeng possibly travel. In some
spacetimes this structure is simple (Figure 2b), but iaretthe lightcones may twist and turn

(in response to curvature).

Actually ‘relativistic spacetime’ refers tany manifold which possesses a smoothly varying
lightcone structure. So the physically significant reistic spacetimes are those that satisfy

the Einstein field equations for some physical matt&ridution.



The second key feature concerns time itself. In Nelatospacetime the time that elapses for
an observer between two events does not depend orbskever’'s motion. In a relativistic
spacetime, by contrast, this elapsed time—now caliexper time—is dependent: two
observers in relative motion will (in general) registlifferent values for the elapsed time, or
proper time. Gone is Newton’s ‘universal clock’; eadiserver is now equipped with her
own individual ‘clock’, the clock which governs the ratewhich local physical phenomena
(e.g. her wristwatch, her body) unfold. This well-knoyet counter-intuitive feature lies at
the heart of the so-called twin-paradox (which is distuet a paradox at all (Lucas and
Hodgson 1990)). In this thought experiment, one twin staysome, while the other twin
travels in a spaceship at constant velocity out toesdistant galaxy (Figure 3). Upon arrival,
the traveling twin swings round and returns to Earth, raghiconstant velocity. At the
eventual reunion of the twins, it can be shown that traveling twin has clocked-up less
proper time than the stay-at-home twin. The traveimig is therefore younger than the stay-
at-home twin. A detailed analysis reveals that theatgrethe traveling-twin’s velocity, the
greater the discrepancy between their respective agles sgunion. (This discrepancy creates
the illusion that there is a violation of the prineipbf relativity; hence ‘paradox’.) The

relevance of this thought experiment will become diedine next section.
3. Computing in spacetime

Consider how a Turing machin€N]) is ordinarily employed to solve a mathematical pnoble
In Figure 4, the computer useZ) travels alongside thEM waiting for theTM to signal the
solution. The event at whicdBU receives the solution (if one exists) | will cdietsolution
event Naturally one assumes that there is enough spacenamdatiallow theTM to achieve

these ends; Newtonian spacetime would do.

But one can consider TMs operating in other spacetimes, in the models of general
relativity (GR). This is a natural exercise becauseisscurrently our best theory of spacetime
in the large. ATM operating in the simplest spacetime, Minkowski spacetpnesents a
situation analogous to the Newtonian case, except he@W can reach the solution event in
less proper time than it takes TM to reach the euwsvib-paradox).Moreover, by taking a
high-speed routeCU can make her elapsed proper time as short as she plegseEssive as
this is, a rapidly completed Turing computable tasstils a Turing computable task. If non-

Turing computable tasks are possible then a different Kisgaxetime is required.



The termMalamentHogarth (M—H) was coined by Earman and Norton (1993). A spacetime
is M-H if it possesses the property that there is some wwldif unbounded proper length
that lies in the past of some event. Newtonian spaeeis not M-H; nor is Minkowski
spacetime. But the latter can be deformed into a tdy.Mhe idea is to start with Minkowski
spacetime, choose a pomtand mark a regio containingp. Define a new metric: outside
C, the metric is the usual flat Minkowski metric; insidethe metric is a scaled version of the
old Minkowski metric, where the scalar rapidly approaciméigity as p is approached.
Removep. Figure ??? seems to suggest something untoward happens (rsetr the TM
having to shrink?), but this is an optical illusion. Tihierior of C really is just as large as the

exterior, a fact made clearer in Figure ???.

CU and TM start together as before, but now CU cam, fimite span of her proper time,
position herself to the entire future of the TM’s inmiad worldline. The setup allows for the
implementation of a non-Turing computable task in thenfof the halting problem. This is
the problem of deciding whether an arbitrarily chosehwill or will not halt. The procedure

is simple. Following the hardware worldline, the chosdhis primed to signal to the solution
event if and only if TM halts. At the solution evedU can make no mistake: a signal means
TM halted, no signal it didn't.

A word about a word. The term ‘supertask’ is used to deaotefinite number of tasks
performed in a finite span of time. Earman and Norti®98) use it in the title of their paper
(‘Forever is a day: Supertasks in Pitowsky and Malamegarth spacetimes’). | prefer to
omit the term in this context, partly because op@sadoxical connotations, but more to the
point because both CU and TM only ever complefi@ite number of steps in finite (proper)

time. (One is tempted to say the beauty of the setilyatighere is no supertask!)
4. Could our universebe M-H?

Earman and Norton (1995) raise the worry that M-H womidy harbor a logical paradox,
but they are quick to show the worry is unfounded. Assunfiegldgic of the situation is
sound, the question raised by this section heading is dajue$ physics. Unfortunately it's
a difficult question and there is currently no decisivewaar one way or the other. What is

known can be summarized as follows.



1. Some of the standard textbook solutions to the Einstein field equation areEMy:Hanti-
de Sitter spacetime (in its universal covering formyl d&eissner-Nordstrom spacetime
(Hogarth 1994).

2. M-H spacetimes may violate a fundamental law of physled spacetimes possess a kind
of ‘naked singularity’ (Hogarth 1992) and naked singularitiescardawed if the so-called
‘cosmic censorship hypothesis’ is correct (Penrose 19%). no firm conclusions follow
because the censor remains a conjecture, and the iMytiasity is actually rather benign and
may not even count as ‘naked’ in the context of cesfgor(Earman and Norton 1993). On a
further relationship between M-H spacetimes and cosetisorship, see Etesi and Nemeti
(2002).

3. M-H spacetime tend to entail infinite blue shiffis kind of bad behavior was shown by
Earman and Norton (1993) to crop up in a class of M-H sjpae®tsatisfying certain

conditions relating to the signaling method. The resuttat decisive though because other
signaling methods are available. Actually, the issue hgain relates to the cosmic censorship
hypothesis, because part of the evidence for a cengoecisely that naked singularities tend

to entail infinite blue shifts, which would in turn dest spacetime.

5. The SAD computersand their axiomatization

Call the computer depicted in Figure 5 (a)/@AD, (this stands fofirst order arithmetical
sentence decidingsee Result 1 below). Another kind @M-based computer can be
constructed within some (but not al)-H spacetimes. The basic idea is to ‘string together’ a
sequence of ‘first—order’ computers to give a second-ordaputer SAD). Continuing:

SAD, is a string oSADs, SAD, is a string oSAD;s, and so on. A string with subcomponents
SAD, SAD, SAD,,... is calledAD (arithmetic decidiny

Can these new computers actually be accommodated intisped he answer is Yes — so
long as one chooses the appropriate spacetime. For e@iip) cannot be accommodated
in the spacetime in Figure 5(a) (Hogarth 1994), but a homdéeaonstructed by following
the procedure for creating that spacetime but this timeremoves a line segment rather than

just a point. This spacetime will also accommodateother SAD, (n>1) andAD. Intriguingly



another home is a textbook GR solution, anti-de Sg#percetime (in its universal covering
form) (Hogarth 1996).

Now, textbook Turing computability theory usually beginghwan argument aimed at
showing that any finite number of ordinary computing m@h in any configuration can
always be mimicked by a single appropriately programiifdd The theory then proceeds in
terms of this one abstract and easily characterizezhime, and thereby manages to transcend
irrelevant hardware details. Indeed it is this very psscof abstraction that makes Turing

computability a branch of pure mathematics.

This approach can be applied to othéi—based computers. This will include th#& that
operates a la Turing. | will call this trerdinary TM (OTM). The ‘axiomatization’ of a
particular physical computer is achieved by providing a coatjuially equivalent schematic

representation — a blue print, if you like. These are tieghim Figure ??7?.
Figure ??7.

The diagrams are based on spacetime diagrams, but the zde-and from a pure
mathematical viewpointshould—view them as purely schematic. The lower filed dot
represents the initial event; the upper filled dot a &oiutvent; a line is a hardware worldline;
an empty dot is ‘the edge of spacetime at infinity’ ethidots means that the sequence of
hardware boxes continues indefinitely. First is@EV: oneTM travels without stopping and
the solution event lies ahead of a finite part of Thé. The SAD, has oneTM traveling
without ever stopping, but in this case the wholél'®fs worldline lies below the solution
event.SAD, is a string without end dAD, computers: each box houseSAD, computer.
Two representations are given: the one on the leftaieM at the beginning to remind us
where the (finite) program that drives each of 8f&D;s resides. The representation on the
right is used when no such reminder is needed. Last iRiglee is theAD computer: a string

of increasingly powerfuBAD computers.

Five self-explanatory rules apply.

(1) all boxes receive their instructions from théiahil M;
(2) the instruction set is finite;

(3) a lower box can signal to a higher box or to thlat®n event;



(4) each box and the signal event can receive onte iumber of signals (no swamping);
(5) downward signaling is forbidden.
6. The power of the SAD computers

This will be measured in terms of a computer’s capaocityecide relations in trerithmetical
hierarchy (Rogers (1987), Chapter 14). Such a relation is eithersigeusr can be obtained
from a recursive relation by a finite sequence of dpera involving the quantifier§lor (1.
The term ‘hierarchy’ refers to a well-known theorerh Kleene: the set of arithmetical
relations with n quantifies form a proper subset of the set of aritbahailations with
(n+1) quantifiers(so relations become genuinely more complex with aging numbers of
quantifiers). The term ‘arithmetical’ refers to tlaet, established by Gddel, that a relafibis

in the arithmetical hierarchy if and onlyRfis definable in elementary arithmetibif.). This
means one can investigate the decidability of relatimpen sentences) in elementary

arithmetic by investigating their counterparts in ththenetical hierarchy.

It's a standard result that thH@TM can decide arithmetical relations with no quantifiers
(recursive relations), but not arithmetical relatiovith 1 (or more) quantifierskid.). Briefly

renaming ‘OTM’ SADL), renders this standard result &A0, can decide O-quantifier

arithmetic but not 1-quantifier arithmetic. You can gugebkat’s coming.

Result 1 Forn>0, SAD, can decide-quantifier arithmetic but nong1)-quantifier arithmetic.

The proof is in the Appendix. What the result showsadws meatly theSADs map into

[onto?] the Kleene hierarchy.
We also have two simple results regardingABecomputer.

Result 2 Arithmetic is decidable bD.

Result JLucian Wischik [private communication]AD can compute exactlyl, partial

functions.

Since there arél, partial functions, this shows that tA® computer is not omniscient. It is

worth noting that the proof of Result 3 is essentitllly proof of the correspondir@TM



result (Rogers [1987], p. 22), for eaBld computer is characterized by the finite program

that drives it and so the setAD computers can be given the usual Gédel-type numbering.
7. The concept of computability

The concept of computability, Computability, takes orea mppearance in the light of these
investigations. | noted at the beginning of this atitlat the situation finds an analogy in the
concept of geometry, Geometry, and that in the pictéir€cmputability suggested by this
analogy the Church-Turing thesis is notably absent.aintain that once the analogy is
grasped, many of the ‘old’ questions just answer thenseldence the brevity of this

section. It is brief because the answers are brief.

To recapitulate Section 1. In the 19th century the Ewnligecture gradually gave way to a
two-sided concept of geometry, with physical geometrgma side and pure geometry on the
other. Physical geometry is concerned with modelingydwemetry of the physical world. Pure
geometry is concerned with the logical/mathematicalcsire of each of the many
geometrical models now in the offing. Computability naiso looks two-sided. Physical
computability, like physical geometry, is a matter ofgay. Pure computability is concerned

with the logical/mathematical structure of each ofrti@y computers now in the offing.

From a pure viewpoint geometric models do not compete e@ith other. We do not speak

of Euclidearv. Riemannian.
And so it is with the pure models of computability.

The Church—Turing thesis is therefore explained awaytHervery question it sought to
answer—Which computational procedure or computer capturest wvghaintuitively
computable?—is premised on there being one fundamentafingliished procedure or

computer.

To put the point another way: the Church—Turing Thesidkés the outmoded claim:
‘Euclidean geometry is the true geometry’. There isew&n a question of truth-value here.
Those who think it true are blinkered, fixated on theliBean concept; those who think it

false are championing another geometry, i.e. fixatedrnmther geometry.



Those who hold that the Church—Turing Thesis is truebkmkered, fixated on the Turing
machine; those who think it false are championingfareiit computer, i.e. fixated on another

computer.

A supporter of the Church—Turing Thesis may draw attentican interesting historical fact.
In 1936, four seminal papers were published—by Church, Klekmdng, and Post—that
each advanced a precise definition of Computability.first, all these proposals appeared to

be quite different from each other, but a detailed aisadgeon showed them to be equivalent.

Does this striking confluence of ideas support the Churchrg @ihesis? The answer is: does
the work of Euclid, Playfair, Wallis, Saccheri, each whom provided an alternative
characterization of Euclidean geometry, suggest that deacli geometry is fundamentally

distinguished?

And the reason why Church, Kleene, Turing and Postestiat the same model is essentially
the same as the reason why Euclid, Playfair, Walls $accheri arrived at the same model:

their ideas came from a common pool.

Still, one may ask: how then did the Church—Turing Thesise to prove so useful in
establishing theorems about Turing computability? Thevanss: if one’s ‘intuitions’ have
been shaped by a single system, then what is ‘intlyitiuge’ can guide one to what is in fact

trueof that system

Again, look to Geometry. When there was just one gegmdiat was intuitively true about
the Geometry acted as a guide to truths about Euclideaneggonit is intively true that the

angles of a triangle sum to 180, and it is true

Similarly when there was just one computational procedumputer, what was intuitively
true about Computability acted as a guide to truths abouiuhieg machine. That was how

the thesis ‘worked’.

Of course intuition plays no formal role in two-sidedo@®etry. We now say: any theorem in
Euclidean geometry must derive solely from the logicalcstre of that geometry. And

similarly for the other geometries.



Intuition plays no formal role in two-sided Computabilifpheorems about th®@TM must
derive solely from the logical structure of that comput&nd similarly for the other

computers.

Appendix: Proof of Result 1

Let 2, (respectively/7) denote the set of relations expressible by a sefiegjuantifiers that

begin with[I(respectivelyi]) and act on a recursive relation. For example, iRtary relation

R(u,v)=xOySx,y,u,v), whereSis recursive, thedR},. Let 4 denote the set of relations

that are expressible in both such forms; hefiee®, n /7.
| will prove the positive part first, then the negatpaat.

The positive part i.eR 03 [0/7 implies R isSSAD, decidable.

Proof: We need only proveR‘0JY, impliesR is SAD, decidable’ because if that is true then
S/7Timplies~SOY implies— Sis SAD, decidablemplies Sis SAD, decidable.

The proof is by induction.

The casen=1. LetS be a l-ary relation of the for8(zx[XR(x, 2, whereR is recursive. For

an arbitrarily chosen but fixer) the TM of the SAD, runs recursively througR(1, 2), R(2,

2),..., and signals (to the solution event) if and onlguth a relation is first reached that

holds. Thus a signal impli€%z) holds; no signal implieS(z) does not hold.

Casen=m. Suppose then that[l}, implies T is SAD, decidable, wherd can be taken

without loss of generality to be 2-ary relation, TeT(x,2).

Members of}’

m+1

take the forniXT(x, 2. The claim is that the following procedure will
decidelXT(x, 2.

Let SAD(y) denote thgth SAD, component 0B5AD,.; and letP denote the program used
by SAD, to decideT(x, z)for any giverx, z Suppose is arbitrarily chosen but fixed. We then



programSADy.; with a set of instructions that consists of the progRatogether with the

following instructions.

() SAD((X) is assigned to decidgx, 2).

(i) SAD, (1) signals to the solution event andAD, (2) if and only ifT(1, z) holds.
(i) For x>1, SADK(X) signal toSAD\(x+1) if and only ifSADy(x-1) signal toSAD(X).

(iv) For x>1, if SADy(X) has not received a signal froBAD,(x-1) andT(x, 2 holds then
SADL(X) signals to both the solution event WD, (x+1)

This procedure ensures thasiaglesignal is sent tohe solution evenit and only if CXT(X, 2

holds. Hence all relations iy, ., are SAD decidable. That completes the proof of the positive

part.
To prove the negative part, | will first rehearse seextbook theory.

These three results are standalgd/7.003 . .n /7 =4, .(note 11" means proper subset);

(2—=1)20;  (/1-2)#0. It follows that the classe§, 2, 2., 2.,,... and the classe§,

1, IT,,... each form a strictly increasing sequence. This isteenearithmetical hierarchy

theorem

The notion of a computingracleis due to Turing. One can think of it as a ‘black boxtth
possesses by fiat certain well-defined powers of compuatai.g. it can decide only

recursively enumerable sets). By—oracle, for example, | mean a device that will deliver
correct answers to any question of just the form ‘de@$ hold?’, whereR/7,. And by a
[1—oracle computer | mean anOTM which, in addition to its ordinary operations, can

consult a/7—oracleat any step in the operations.

Oracles and the arithmetical hierarchy come togetheis version oPost’s theoremA /7 —
oracle computersZ —oracle computer) can decide relations in precidgly This shows that

if one had complete ‘access’ to a particular levehefarithmetical hierarchy, then one could

recursively access no more than a small subset oietdevel up.



I will adopt the standard practice of abbreviating refai like (X)(Oy)(C®)R(u,x,y,2 &
(XHu,x), whereR andSare recursive, tal11& [J that is, | will indicate only the quantifier

symbols and logical connectives, (respectively,(]) will denote an alternating string of

quantifiers beginning withl (respectively[J).

Using the Tarski-Kuratowski algorithmany relation expression involving quantifiers and
logical connectives can be reduced to an equivalentsseirialternating quantifiers, which in
turn allows one to establish where a given relasdadated in the arithmetical hierarchy. E.g.

-[ is equivalent toll} - (O&0O) is equivalent tor ((IJ) and to -[ROand finally
to 0J0O(ibid., p. 309).

Now for the proof of the negative part Besultl, i.e. there are relations i ,, which are

not SAD, decidable.

SupposeS7) is 1-ary relation that ISAD -decidable. It will be shown th&z) must be of the
form S (2 0S,(2), whereS (20/7, andS,(202,.

This will complete the proof because by the Kleenerahahy theorem S(g)/7 02
050 77

n+1D/7n+1
The proof is by induction.

Case of n=1Following Earman and Norton [1995],5(2) is decidable bysAD then it must

perform in one of four ways:

(1) for allz, there is a signal (to arrive at the solution eyent)

(2) for allz, no signal means th&2z) does not hold;

(3) for allz, no signal means th&2z) holds;

(4) for somez no signal meanS(z) does not hold, and for sorm&o signal meanS(2) holds.

(In case (4) it must be a Turing-computable matter whiatreans ‘signal implies does not

hold’ and whichz means the opposite.)



Case (1) implies that th&€M program must halt for each so §z) must take the form

S2=R,(2), whereR_is a recursive relation. Thiz) /7.

Case (2) implies that whe®{z) holds, theTM halts after a finite number of steps. This means
that for eactz a number is reached which halts T program. Thus(2) is expressible as

S2=yR,(y,2) for some recursive relatidR; i.e. §2) is [1

Case (3) implies that thEM will halt only if S(z) does not hold, that is, wheir§z) does hold.
From case (2), this implies thaS2) is [] i.e. S(2) is [.

Case (4) implies that for sonze§2) is as in case (2), sBis [ and for some 2) is as in

case (3), s&?2) is [I. ThusY?2) is [T
Collecting together cases (1) through (4) proves theregke

The case n=m. Suppose th&{z) is SAD —decidable, thef(2) is a 1-ary relation of the form

U O,

Consider thesAD,,, computer: this consists of a string®AD, components. Relations that a
SAD, component can decide can, by the hypothesis of théopseparagraph, be decided by
a /7 —oracle. Thus by replacing ea8AD, component by a7 —oracle, there is no loss of

computational power. Call this new compuérThe question is: what is the power)6?

Supposel(2) is a 1-ary relation that is decidable My Then, as aboveX must perform in one

of four ways:

(1) for all z, there is a signal,

(2') for all z, no signal means tha{z) does not hold;
(3') for all z, no signal means tha{z) does hold;

(4') for somez no signal mean$(z) does not hold, and for soraeno signal mean$(z) does
hold.

By analogy with than=1 case and applying Post’s theorem, we see that:



Case (1 implies thatT(2) is
both [0, 09, and 0(0, 00,); TG, 00,): Oy 00,y Oy Dl O
Case (2 implies thatT(2=L10, 0, ]. This implies thall(2) is ([0, 00 ], g5 Dy

Case (3 implies thafT(2) is O[], 00,,) ; O[O,..]; Oy

Case (4 implies thatT(2) is[L], 00 ] OO, 00 ); 0,00, 0.,

Collecting together cases '(1through (4) shows thafl(z) X-decidable impliesT(z) is
0,00, But we know thafl(z) SAD,, —decidable impliesT(z) X-decidable. Thud(2)

SAD,,,-decidable implied(2) is ., OO,

Hence then=m case implies the=m+1 case and, since thel holds, the proof is complete.

References

Boolos, G.S. and Jeffrey, R.C. [198%}omputability and LogicCambridge, Cambridge

University Press.

Earman, J. [1995Bangs Crunches Whimpers and Shrieks: Singularities and Acausalities in

Relativistic Spacetime®xford, Oxford University Press.

Earman, J. and Norton, J. [1993]: ‘Forever is a Day: Sagpks in Pitowsky and Malament—
Hogarth Spacetimeskhilosophy of Sciencg 22-42.

EarmanJd. and Norton, J. [1995]: ‘Infinite Pains: The Trouble whpertasks’, in A. Morton
and S. Stich (ed€enacerraf and his Critic§;ambridge, MA, Blackwells, 231-261.

Etesi, G. and Nemeti, I. [2002]: ‘Non—Turing computabilitg Walament—Hogarth space—
times’, International Journal of Theoretical Physid%(2), 341-370.

Hogarth, M. [1992]: ‘Does General Relativity Allow an 2over to View an Eternity in a
Finite Time?’,Foundations of Physics Lettefs 173-181.



Hogarth, M. [1994]: ‘Non—Turing Computers and Non—Turing Computigpih D. Hull, M.
Forbes, and R. M. Burian (ed€¥SA 1994, Vol. 1. East Lansing, Philosophy of Science
Association, 126—-138.

Rogers, H. [1987]Theory of Recursive Functions and Effective Computabiligmbridge,
MA, MIT Press.

Penrose, R. (1978). ‘Singularities of Spacetime’, in NL&bovitz, W. H. Reid, and P. O.
Vandervoort (eds)Theoretical Principles in Astrophysics and Relatividhicago: University
of Chicago Press, 217-243.

\\ ‘ Wednesday
Tuesday
time | \ \
Monday
Fpace
- Figure 1
s qun‘e..—?_,__'__*. 77

P s past i

—_ —light cone

y
g 3 -
£ e

Figure Zia)



AT

8 oy X,

| e AN

o Stay-at-home-twin
5

5

Figure 4

— Nt
Fugure 3
Wednesday
{ Tuesday
hMonday
CU T™




cu

er

T™

figure 5



