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Preface

Experiment escorts us last —
His pungent company

Will not allow an Axiom

An Opportunity

EMILY DICKINSON

Scholars have differed about the correct interpretation of this poem, though there is
evidence that it means mortals must not assume an afterlife — they must wait and
see. But, read figuratively, the poem can be made to yield a sense in which it marks
a deep aspect of philosophical investigation. That the company of experiment
should be pungent is an idea one can naturally associate with the empiricist
tradition; but, taken as a whole, it is the radical empiricism of W. V. O. Quine that the
poem seems most perfectly to encapsulate. He argues that a scientific proposition is
not tested in isolation but forms an ingredient of a scientific system. If experience
turns out unexpectedly, then no one can say in advance which of the system’s
propositions will collapse. Consequently every proposition, which includes every
putative axiom, is in principle corrigible, synthetic. Itis true that some axioms, like
those of arithmetic, appear unshakeable; their failure is literally unthinkable. But
history abounds with cases of ‘axiom downfall’, where the unthinkable has in time
become thinkable. The axiom of parallels is paradigm here, but, as Quine himself
points out, even classical logic has come to have its doubters since the advent of
guantum theory. And if logic is not immune from revision, then surely nothing is.
AXxioms are not given an opportunity.

Quine’s philosophy underlies some pivotal points of the thesis. So when | attempt
to set up a definition of what should count as a prediction, | do not mean to suggest
that the result is supposed to capture perfectly the concept of predictability. For one
thing, the concept is too multi-faceted to allow such cauterisation. But, more
fundamentally, I am conscious that no one can be sure that even this modest
definition will in the course of subsequent investigations turn out to be
inappropriate. After all this is precisely what | show of a prima facie sound definition
by Geroch. Experiment, here in the form of Gedankenexperiment, escorts us last.



Experiment escorts us in the case of computability too. The prevalent view is that
this concept is exactly captured by Turing’s theory, which can thus serve as an
axiomatic basis. That confidence in this view runs high is reflected in Hao Wang’s
assertion that ‘it is absolutely impossible that anybody who understands the
guestion and knows Turing’s definition should decide for a different concept’.! But
no one, not even the eminent Wang, can say in advance how computability will
appear in the light of new theories and experiments. (Think of the concept of
geometry before Einstein and after Einstein.) More to the point is this: the concept
of computability is now beginning to take on a radically new appearance, actually in
the light of a recent Gedankenexperiment in general relativity. To add anything
further without the relevant conceptual framework would be unavoidably
obfuscatory. So the first chapter helps put the reader in the right frame of mind.

1 wang 1974, p. 84.



1 Spacetime

1.1 Introduction

The investigations in this thesis are based on classical general relativity (GR). (I keep
guantum mechanics switched off throughout.) This chapter provides a sketch of the
background theory required for the following two chapters. Being a sketch, there
are of course some gaps. For example | will just assume the reader has some
acquaintance with the standard exact solutions of the Einstein field equations, e.g.
the Schwarzschild, Robertson-Walker and Godel spacetimes. | will however explain
some other, more fundamental notions, including, e.g., lightcones, timelike curves,
past and future, slices, and Cauchy surfaces. | will also outline a simple singularity
theorem and provide some statements of the cosmic censorship hypothesis. Some
other background topics, e.g. Cauchy horizons, Carter-Penrose diagrams, TIPs, will
be introduced in the other chapters at the appropriate time. A more than usual
emphasis is given throughout to plain language explanations of the mathematics
involved. | might add that my preferred text on all these matters is Wald 1984.

1.2 Basic elements

A model in GR consists of a spacetime (M, gap), i.e. a 4-dimensional Hausdorf,

manifold without boundary, which is endowed with a Lorentzian metric.2 | take the
signature of gap to be (+,++-). The spacetime may also support other fields

representing physical phenomena, e.g. electromagnetism, fermions, etc. These

matter fields are collectively represented by the mass-energy (also called the energy-
momentum) tensor Tap. The mass (=energy) and curvature are related by the

Einstein field equations (EFE):

1
Rab ) Rdab + Adab =8 Tap,

2 | adopt the abstract index notation; see Wald 1984, p.23.



where Rgp, is the Ricci tensor associated with gap, R=Rapg2P is the Ricci scalar, and A is
the cosmological constant. Hereafter Ais assumed to be zero unless | indicate
otherwise.

The metric gap assigns lengths to vectors. Being Lorentzian, the lengths may be
negative, positive or zero. We say that a vector is timelike, spacelike, or null according
to whether its length is positive, negative or zero. Thus in the tangent space at each
point of spacetime there is a lightcone structure, with null vectors falling on the cone
itself, spacelike vectors falling outside, and timelike vectors falling inside. (It should
be emphasised that the lightcone is part of the tangent space of the spacetime and
not of spacetime itself.)

Each lightcone has two lobes. To say that spacetime is temporally orientable means
that it is possible to label in a continuous way one lobe of each cone ‘past’ and the
other ‘future’. If the spacetime is not temporally orientable then any distinction
between ‘past’ and ‘future’ seems to collapse. Most garden variety spacetimes are
time-orientable. Indeed, it is easy to prove that all spacetimes based on simply
connected manifolds (e.g. A4: so Gédel spacetime is time-orientable) must be time-
orientable (Geroch and Horowitz 1979, p. 224). An example of a non-time
orientable spacetime is given by Wald (1984, p. 189). | shall hereafter assume time
orientability.

A curve A is a continuous map from an interval (or the whole) of Alinto M. The

image of the interval is formally called a path, but for simplicity | will refer to this as
a curve also. The tangent vector to A ata point pl A is the vector VI V, that —

intuitively — aligns itself with the tangent of A at p. A timelike curve is then a curve
with tangent vector everywhere timelike. A null curve is defined similarly but with
‘timelike’ replace by ‘null’, and a causal curve is defined as curve whose tangent
vector is nowhere spacelike. A causal curve is future directed if each tangent vector
points in the future direction.

The proper length or proper time t of a timelike curve is given

v=8 (gapTaT0)" 2 it
A

where T2 is the tangent vector to A and t is a parameter along A.

The length of a null curve is always zero. The length of a spacelike curve is defined
as above, except the sign inside the square root of the integrand is changed from
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plus to minus. The length of curves which are part timelike and part spacelike is not
defined.

A causal curve A is said to be a geodesic if A is locally of maximal length (i.e. about
every point pl A there is a sufficiently small neighbourhood O of p such that the
length of A in O is a maximal). A spacelike curve is said to be a geodesic if it is locally
of minimum length. Notice that the existence of a causal curve between two points
p and g does not ensure the existence of a geodesic between p and g. See figure 1(a).
And although geodesics are locally curves of maximal length, they need not
represent the longest route between two points. See figure 1(b).

< identify

q

| .
<|: «———— point removed

(@) (b)

Figure 1. (a) is Minkowski spacetime with a point removed from the line joining p to q. The points p
and g can be joined by a timelike curve, but not a timelike geodesic. (b) is a spatially finite segment
of Minkowski spacetime with the edges identified. A and u are both timelike geodesics joining p to
q, butA is actually shorter than .

The spacetime in figure 1(a) illustrates a useful technique for creating a new

spacetime from an old one. The general technique is to remove a closed set C of
points (or just one point) from a spacetime (M, gap) to define a new spacetime (M-C,

0*ab), Where g*ap is the restriction of gap on M-C. (Notice that C must be closed to

ensure that M-C is a manifold without boundary.) Another general technique is
illustrated in figure 1(b). Start with a spacetime (M, gap) With a boundary consisting

of two disjoint boundaries S; and S,, and identify S; and S, so that the metric is
smooth across the join.
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Although the spacetimes that result from this kind of cutting and pasting are usually
not physical, they are useful for providing counter-examples to false claims that on
the face of it appear true (these abound, as we shall see).

The lightcone has physical significance, for it represents an absolute speed barrier in
this sense: massive bodies are constrained to move on timelike curves (their velocity
vector cannot be spacelike or null). Furthermore it is a fundamental tenet of GR that
massive bodies which are not affected by any external forces — i.e. are ‘freely
falling” — move on timelike geodesics. (This can actually be shown to be a
consequence of the EFE.) Massless particles (e.g. photons), on the other hand, are
constrained to move on null curves. Consequently nothing can travel faster than
light3 If causal influences are assumed to move on causal curves, then it follows
that the lightcones determine the causal structure of spacetime. | will now outline
some definitions and results that help characterise this structure, starting with the
two most basic definitions: past and future.

1.3 Causal structure

In a spacetime (M, gap) the timelike future of a point pi M, denoted I*(p), is defined by
I*(p)={ql M such that p can be joined to q by a future directed timelike curve.}.

The definition of | (p) is acquired by replacing the word ‘future’ with ‘past’. (In
general there will be a self-evident ‘temporally opposite’ definition obtained by
interchanging ‘past’ and ‘future’. The other version will not normally be stated.)

The causal future of a point pi M, denoted J*(p), is defined as 1*(p) except the word
‘timelike’ is replaced by ‘causal’.

Although these sets are defined to apply to single point p, they can each be
generalised to apply to a set of points S in the obvious way, e.qg.

~

I*(S)=E pi s 1* (p).
See figure 2(a).

It is a fundamental result that 1*(S) is always an open set (Wald 1984, p. 190).
However it is wrong to think that J*(S) must be closed: a counter-example is

3 lignore tachyons.

12



provided by Minkowski spacetime with a point removed, as depicted in figure 2(b).
We see that p cannot be connected to q by a causal curve, so gl J*(p). But
gl clos{J*(p)}.4 Hence J*(p) is not closed.

< + >,
J (f) 4
1+(S) <— point removed
S
p
(@) (b)
Figure 2.

Every spacetime (M, gap) is locally Minkowskian in the sense that the tangent space
at each point is a Minkowski vector space and also in this sense: about each point
pl M, there is a convex normal neighbourhood U of p, i.e. an open set U with pl U and
such that for g, rl U there is a unique geodesic that joins q and r and remains in U.
Moreover, I7(p)CU (respectively TIT(p)CU) is just those points reachable from p by a
future directed timelike (respectively null) geodesic that remains in U. See Hawking
and Ellis 1973, proposition 4.5.1.

A host of simple results flow from the definitions of J* and I*. One basic lemma is
this: ifgl 1*(p) and rl 1%(q), then rl I*(p). In words, ‘if q is later than p and r is later
than g, then r is later than p’. A less trivial result is: if qI J*(p)-1*(p), then any causal
curve joining p to g must a null geodesic. Proof. Suppose a causal curve A joins p to
g. Firstcover A with convex normal neighbourhoods, as just defined. Now because
the segment of A between p and q is compact, we can extract a finite subcover. If A is
only partly timelike in any such neighbourhood, then by the previous paragraph A
can be deformed into a wholly timelike curve in that neighbourhood. Continuing
through each neighbourhood gives a timelike curve from p to qg.

It is crucial to be able to distinguish formally the case of a causal curve which ‘goes
to infinity’ or ‘runs into a singularity’ from the case in which a curve could be
extended. Let A be a future directed causal curve. Then we say that pl M is a future
endpoint of A if for every neighbourhood O of p there exists a ty such that A(t)i O for
all t>ty. (Notice that a curve need not contain its endpoints; e.g. in 2-dimensional
Minkowski spacetime, take the curve characterised by the set {(x,t)¥x=0, O<t<1}.

4 Recall that for any set A, clos(A) denotes the closure of A, int(A) denotes the interior of A, and A
denotes the boundary of A.
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Then (0,0) is a past endpoint and (0,1) is a future endpoint.) A causal curve A is future
endless (also called future inextendible) if A has no future endpoint. This provides the
appropriate distinction: a future endless curve somehow ‘runs out of future
spacetime’, whereas a curve with a future endpoint could continue into the future.

If a timelike curve can be thought of as ‘all time at one point of space’, then a slice is
the dual notion of ‘all space at one time’. We first define a set A as achronal if no two
points on A can be joined by a timelike curve. A slice S is then an achronal
submanifold of the manifold M. (M-S is therefore open.) Equivalently, a slice S can
be defined as a closed, edgeless, achronal set S, where the edge of S is defined as the
set of points p such that every open neighbourhood O of p contains a point gl 1*(p),
a point rl 1"(p) and a timelike curve A from r to q which does not intersect S.

Intuitively: if aset S has an edge, then a timelike curve can ‘get from above S to
below S without intersecting S’. Thus the edglessness of slices means they ‘extend
out spatially as far as possible’.

I note some facts about slices. First, if a spacetime can be partitioned or foliated by one
family of slices then it can be foliated by many such families. As an example, take
Minkowski spacetime with the canonical coordinate system. This can be foliated by
the slices t=0 and by the slices 3x-t=0. Secondly, in general the topology of the slices
in one foliation can differ from the topology of the slices in the another (Geroch and
Horowitz 1979, p. 245). Finally, some spacetimes do not permit any such foliation,
or even a single slice. Think of Godel spacetime: in this arena there can be no slices
because every point can be connected to itself by a timelike curve.

The set J*(S) can be thought of as the set of events that can be influenced by S. We
now seek the set of events that are determined by S. For reasons given in chapter 2,
the appropriate notion is that of the future domain of dependence of a set S, denoted
D*(S), and defined by

D*(S)={pl M, such that every past endless causal curve through p intersects S}.

D (S) is defined analogously. The union of D*(S) and D (S) is the domain of
dependence of S, denoted D(S). See figure 3.
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point removed

i

D*(S) D*(S)

S S

Figure 3. Minkowski spacetime and Minkowski spacetime with a point removed. Since past endless
causal curves can enter the hole without registering on S, the hole ‘casts a shadow’.

If a spacetime (M, gap) possesses a slice S such that M=D(S), then we call S a Cauchy
surface and we say that (M, gap) is globally hyperbolic. In this case, every endless

causal curve must intersect S. Examples of spacetimes that admit a Cauchy surface
are those associated with the names of Minkowski, Robertson-Walker, Taub, and
Schwarzschild. Examples that do not include admit a Cauchy surface: Godel
(because, recall, no slices), Taub-NUT (because timelike curve in Taub region winds
round and round in a compact region, and never reaches NUT region), certain of the
Kerr (because of a naked singularity — definition coming up shortly), and the
pierced spacetime in figure 3. Globally hyperbolic spacetimes have a number of nice
properties. For example, if SI M is a Cauchy surface then there is always a unique
geodesic connecting S to any given point in M (the spacetime is figure 2(b) is not
globally hyperbolic). Also, the topology of M is given by =" Al where = is the
topology of a Cauchy surface. Because of this last result, one might say that all

globally hyperbolic spacetime are alike, but non-globally spacetimes are subtle after
their own fashion. Finally, | note that a spacetime (M, gap) is globally hyperbolic if

and only if for any two points x, yI M, J(xX)CJ*(y) is either compact or empty (Wald
1984, theorem 8.3.10).

Some spacetimes in GR possess ‘causality violations’. Perhaps the simplest example
is afforded by identifying the edges of a temporally finite strip of Minkowski
spacetime, as depicted in figure 4. This spacetime possesses a closed timelike curve
(CTC), that is a timelike curve that intersects itself. Indeed every point lies on a
CTC. In principle an observer in this world can travel from a point p forward in
time until eventually she reaches the point p again. The past and future are well-
defined here (the spacetime is time-orientable), but identical. | discuss this curiosity
in chapter 2, section 2.8. There are various inequivalent ways to rule out causality
violating spacetimes. Imposing the chronology condition means that spacetime does
not possess CTCs. Imposing strong causality means that no causal curve can
eventually return arbitrarily close to itself. Strong causality therefore implies the
chronology condition, but the converse is false (Wald 1984, p. 197). Then there is
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stable causality, which holds if spacetime admits no closed timelike curves even when
the light cones are perturbed slightly (as they presumably are when quantum
mechanics is switched on). Stable causality implies strong causality (ibid., p. 199), but
the converse is false (Hawking and Ellis 1973, p. 197). Later, at the appropriate
junctures, | will state which, if any, of these causality conditions is assumed to hold.

Y identify

v

Figure 4. A temporally finite strip of Minkowski spacetime with the edges identified. An observer
at p moves forward in time but eventually returns top.

1.4 Singularities

And the end and the beginning were always there
Before the beginning and after the end.

T.S. ELIOT, Burnt Norton

General relativity makes two remarkable and not unrelated predictions: that the
universe is expanding and that it possesses singularities. The theory promotes a
picture in which the universe (including spacetime itself) began some 10 to 20 billion
years ago in a hot and highly dense state of tiny spatial dimensions. This
extraordinary or singular ‘initial’ state is known as the big-bang singularity. After
the big-bang, the spatial dimensions of the universe expanded and have continued
to expand ever since. Whether this expansion will continue indefinitely or reverse
into contraction is a matter of current debate (see Hawking and Penrose 1995,
chapter 2). In a sense either way is bleak. For eventual contraction implies the
universe will come an end (in the ‘big crunch’ singularity), and continual expansion,
though it implies eternal existence, brings with it the promise of a ‘heat death’ as the
available energy tends to zero. The eventual future is at best dead, at worst
nothing. (Some would say at worst dead, at best nothing.)

It is usual to call a spacetime with a singularity, singular, and a spacetime with no
singularities, non-singular. Some spacetimes are clearly singular, e.g. the Robertson-
Walker big-bang models and the Schwarzschild black hole, and some are clearly
non-singular, e.g. Minkowski spacetime. But despite this apparent ease of
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classification, no definition has yet been advanced which exactly captures what a
singularity is — and this despite much research in the last three decades to remedy
the problem (see Geroch 1968, Earman 1995, chapter 2). We are consequently left to
work with a number of definitions, each suited to particular contexts. The focus in
our discussion is on the existence of singularities, and within that context the relevant
definition is characterised by the slogan: a spacetime is singular just if it is timelike or
null-geodesically incomplete. (An incomplete geodesic is a past or future endless
geodesic of finite length.) By equating a ‘singularity’ with one of its effects on
spacetime, this approach neatly side-steps the vexed question of what a singularity
actually is.> The physical picture corresponding to this mathematical definition is one
in which a photon or freely falling particle can, so to speak, disappear prematurely
off the edge of spacetime.

(Geodesic incompleteness is arguably neither a necessary nor a sufficient condition
for the existence of a singularity. It is not sufficient because there are examples of
spacetimes which are geodesically complete but which possess a future endless
timelike curve with bounded acceleration and finite length (Geroch 1968). Physically
this means an astronaut with a finite amount of fuel could disappear off the edge of
spacetime in a finite time. The situation has a decidedly singular ring. On the other
hand, the condition is apparently not necessary either, for there are geodesically
incomplete compact spacetimes. The point here is that arguably a compact spacetime
is necessarily singularity free because it contains all its limit points, i.e. there is no
‘singular edge’.)

What is known about the existence of singularities derives primarily from a series of
remarkable results developed in the late 1960s by Geroch, Hawking, and Penrose.
These so-called singularity theorems show that singularities are expected in a wide
range of physically reasonable models (again, recall the Robertson-Walker big-bang
models and the Schwarzschild black hole: each of these spacetimes is geodesically
incomplete). Each of the theorems is actually a purely geometrical result with
essentially the following form. There is a ‘local’ condition which says nearby
geodesics are irrevocably drawn closer together and eventually cross; and there is a
global condition, e.g. the spacetime possesses a Cauchy surface or compact slice.
The combination of these two conditions is shown to be incompatible with geodesic
completeness. What gives the theorems physical significance is that these geometric

5 An analogy is found in the case of schizophrenia. This illness is not defined in neurophysiological
terms because no neuropathology has yet been identified. Instead it is defined in terms of its
symptoms, e.g. hearing voices, paranoia.
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conditions may obtain in our universe. Here | sketch the proof of a particularly
simple (and weak) singularity theorem.

Consider a congruence of timelike geodesics which emanate normally from a slice S.
Let 6 be the average expansion of nearby geodesics. The rate at which 6 changes

along the congruence is given by Raychaudhuri’s equation (Wald 1984, p. 218),
which can be stated as

de 1
g =3 92— Red %4 — oap 0D,

where £2 is a tangent vector to the congruence and oap, measures the shear of the
congruence.

The Reg gcgd term can be rewritten in terms of the energy-momentum tensor by
appeal to the EFE (this is where the physics first enters).

L 1
where T=trace (Tap).

The right hand side is believed to be positive for all physically reasonable forms of

matter. If this is true, then the strong energy condition is said to hold. In this case, and
noting that oap02P is manifestly positive, the Raychaudhuri equation yields

do 1
. - N2
dt +3 6<£0,

which implies

d 1
w® 3,

and so

6-1(t) 3 671 +% T,

where 6 is the initial value of 6.

If 6 is negative, i.e. the congruence is initially converging, then 6 ® —¥ within a
proper time t £ 3/]6g]. This implies that the geodesics of the congruence have

begun to cross each other.
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Figure 5. Rounding off the corner creates a longer curve from Sto p.

This does not by itself imply geodesic incompleteness (counterexample: take S to be
the hyperboloid in Minkowski spacetime given by t=(r2 + 1)1/2.): for that we require

an extra condition, namely, that S is a Cauchy surface. To see how this works,
suppose for the sake of a contradiction that (M, gap) is timelike geodesically

complete. Now follow a geodesic from S for a distance that exceeds 3/]6g], and
label the point p, as in figure 5. Now since (M, gap) is globally hyperbolic, there is a
timelike curve of maximal length from S to p. But we know from the previous
paragraph that A must be crossed by a nearby geodesic A¢ before p is reached. Thus
A cannot be maximal, because rounding off the corner at the intersection of A and A¢
produces a curve from S to p of length greater than A. This contradicts the initial
assumption that (M, gap) is timelike geodesically complete.

In short: if the universe is globally hyperbolic, is everywhere expanding (or indeed
contracting), and the strong energy condition holds, then there will be timelike
geodesic incompleteness (a singularity). This is a not insignificant result, but
geodesic incompleteness can actually be shown to follow from much more plausible
(i.e. weaker) assumptions. Specifically we have the Hawking and Penrose (1970)
singularity theorem (chapter 2, section 2.9) which reveals essentially the following.
Closed universes (i.e. those admitting a compact slice) are generally singular. On the
other hand, for open universes, there are generic ones which are singular and
generic ones which are not. It seems that an extra ingredient is required, e.g. a
closed trapped surface (which occurs in black-holes) or a slice with convergence
bounded away from zero (contraction everywhere or expansion everywhere),
before one can infer that an open universe is singular.

19



singularity (r=0) singularity (line r=0 removed)

A

<— event horizon

R <z

(@) (b)

Figure 6. (a) shows part of the Schwarzschild black hole solution. The singularity is not directly
experienced by the observer A. In (b) a naked singularity is formed by removing a line from
Minkowski spacetime. A photon like v emerges from the singularity and arrives at u without any
warning.

1.5 Naked singularities and cosmic censorship

We expect singularities, but what kind of singularities do we expect? The very word
‘singularity’ suggests something untoward, but some singularities are decidedly
worse than others. On the tame side consider the singularity in the Schwarzschild
solution. | say ‘tame’ because although this singularity will necessarily snuff out any
observer who is fool enough to cross the event horizon, it will not cause trouble for
observers in the larger region beyond. Indeed, an inspection of the light cone
structure reveals that even those observers who do cross the event horizon cannot
possibly experience the singularity’s bite, for they are terminated at ‘the moment’
when that experience would become possible.6 See figure 6(a). In this sense, the
singularity, and a fortiori any attendant bad behaviour (lawlessness) at the
singularity, is completely hidden from all.

6 Since the singularity is not itself part of spacetime, there is no moment of death (even though the
observer’s life is cut short). According to Wittgenstein (1921): ‘Death is not an event in life: we do
not live to experience death’ (Tractatus: 6.4311). But death by falling into a black-hole is not an
event at all.
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If the Schwarzschild singularity is deemed tame, then the singularity depicted in
figure 6(b) is surely wild. In this spacetime, an observer (e.g. u) can not only
experience the singular region, but can do so at arbitrarily close quarters. This kind
of singularity is accordingly labelled ‘naked’ (formal definition coming up). The
danger posed by nakedness is that some events in spacetime will fail to be
determined by any amount of past data. The future will be full of surprises.

Do naked singularities exist? The cosmic censorship hypothesis (CCH) is precisely the
claim that the answer is no. Proposed by Penrose in 1969, the CCH has emerged as
the most important unsolved problem in classical general relativity. (One might
imagine that the singularity theorems would help settle the issue, but they prove
only the existence of geodesic incompleteness; questions regarding the nature of the
corresponding singularity, e.g. whether it is in the past or the future, or whether or
not there is an event horizon, are untouched.) The principal argument in favour of
the CCH derives from the models of gravitational collapse. Exact spherically
symmetric collapse is represented by the Schwarzschild black hole solution. The
results of performing small perturbations on this solution suggest that small
departures from spherical symmetry will also produce a black hole rather than a
naked singularity. (There must still be a singularity, by the singularity theorems.)
Moreover, in the case of gravitational collapse with charge and/or rotation, as
represented by the Kerr solutions, the general picture seems to be that the black
hole solutions are stable and the naked singular solutions are unstable. Taken as a
general statement about gravitational collapse this amounts to one way to frame
roughly the CCH.

Unfortunately the roughness here is not easily smoothed. Indeed one of the major
difficulties with deciding whether or not the CCH is true is that as yet there is no
entirely satisfactory framing of its statement (Earman 1995, chapter 2). In what
follows I outline three important attempts.

Strong Cosmic Censorship (SCC)

Roughly: spacetime should be deterministic in the sense that it all evolves from a
single slice.

Definition 1.5.1 A spacetime (M, gap) satisfies strong cosmic censorship just if (M, gap)
possesses a Cauchy surface (i.e. if (M, gap) is globally hyperbolic).

Since any globally hyperbolic spacetime can be foliated by a family of Cauchy
surfaces, the picture of a spacetime satisfying SCC bears some resemblance to
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Newtonian spacetime with its foliation of absolute timeslices. Of course, because of
the variable lightcone structure, the slices in the relativistic case may be forced to
bend round singularities, but the singularities themselves are always stationed either
‘before’ the first slice or ‘after’ the last. The singularities are therefore of two kinds:
the visible, unvisitable (e.g. the big-bang), and the invisible, visitable (e.g. the big-
crunch, black holes).

Weak Cosmic Censorship (WCC).

Roughly: all singularities must be hidden from view. Put another way: the region
visible from future infinity is singularity free. ‘Future infinity’ can be given meaning
only in asymptotically flat spacetimes (see Wald 1984, chapter 11), where it is defined
as A*, i.e. the set of points adjoined to spacetime at future null infinity. (The interior
of a black hole is then defined as M-J (A*).) We have:

Definition 1.5.2 An asymptotically flat spacetime (M, gap) satisfies weak cosmic
censorship just if (J7(A*), gap) is globally hyperbolic (i.e. (J (A*), gap) satisfies
strong cosmic censorship)

(As one would expect WCC does not imply SCC (Earman 1995, p. 73). But in fact
SCC does not imply WCC (Penrose 1978, p. 234). WCC and SCC are therefore
logically independent, and so the terms ‘weak’ and ‘strong’ are not entirely
appropriate.)

No naked singularities

Roughly: no observer can witness another observer disappearing off the edge of
spacetime. Following Geroch and Horowitz (1979, p. 274), consider the following
schema for defining for a given spacetime (M, gap) the set of nakedly singular

points, N, by
N={pl M: I"(p) contains a future endless timelike curve A which is 3

That there is a cosmic censor is equivalent to the statement that N is empty, but
different versions of the CCH are produced by inserting different conditions into
the blank. Leaving the blank blank gives the strongest version, which is actually
equivalent to SCC (see the corollary of proposition 3.5.1). Alternatively, inserting ‘a
geodesic’ focuses attention on singularities reachable by freely falling observers.

But it is not an aim of this thesis to discuss the vexed question of the truth value of
any of these forms of CCH (see Earman 1995, chapter 2; Hawking and Penrose
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1995, chapter 2). Rather my focus will be to show how issues about censorship are
tied up with predictability and computability. | begin now with an examination of
the former.
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2 Predictability

If you can look into the seeds of time,
And say which grain will grow and which will not,
Speak then to me...

Macbeth 1.1ii.58

2.1 Introduction

Prediction is an obvious feature of everyday science, but what would actually be
required so that an observer could perform a prediction that was bound to be true?
This is the central question of this chapter. I will show that the physical fields can be
conducive to prediction, but that by contrast the geometry of spacetime often
creates insurmountable obstacles (section 2.1). This leads to the definition of a
‘locally predictable’ (LP) spacetime, i.e. a spacetime that allow at least one prediction
(section 2.2). The structure of LP spacetimes is investigated in section 2.3. Then a
variety of generalised LP spacetimes are defined in sections 2.4 and 2.5, which is
followed in section 2.6 by some examples. In section 2.7 | investigate the problem of
predicting not just the physical fields but spacetime itself, and show how this notion
is connected with the previous results. A worry is created in section 2.8 that LP
spacetimes yield a logical paradox; but the worry is soothed. In the final section
before the summary I look at the subtle relationships that exist between singularities
and predictability.

| begin though by examining a concept which in some sense underpins prediction —
determinism.

Determinism

Conceptions of determinism go back at least as far Aristotle (recall the sea battle),
but I will launch the discussion from Laplace, who in 1819 wrote:

‘An intelligence knowing all the forces acting in nature at a given instant, as well as
the instantaneous positions of all things in the universe, would be able to
comprehend in one single formula the motions of the largest bodies as well as the
lightest atoms in the world, provided that its intellect were sufficiently powerful to
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subject all data to analysis; to it nothing would be uncertain, the future as well the
past would be present to its eyes.” (Quoted in Popper (1982, p. xx).)

But modern interpretations of determinism eschew the epistemic aspect of Laplace’s
idea in favour of something wholly ontological. We now say that a theory is
deterministic if the future and the past of the world are fixed by the laws of the
theory after an instantaneous state of the world has been given. Let us sketch this
idea more fully.

Associated with any theory T is a set consisting of models all of which obey the laws
of T. We can think of these models as being representative of worlds that are
physically possible (according to the theory T). Let the set of such worlds be
denoted W, where the T is to remind us that physical possibility is fixed by what T

allows. Then we say that a theory T is deterministic if, given any pair of worlds w,
wd Wt such that w matches w¢at some time ty, then w matches w¢for all time. That
is to say, only one world is compatible with one instantaneous snap-shot of the
world.

Determinism thus defined makes no reference to anyone’s or anything’s epistemic
powers. Notice also that determinism is not so much a feature of the world as a
feature of theories of the world or, in picturesque terms, a feature of physically
possible worlds. To say the world is (non-)deterministic is a confusion: only theories
can be (non-)deterministic.

Now according to folklore, determinism holds in theories based on Newtonian
spacetime. For example, one hears it said that within the context of Newtonian
gravity the momentary position and velocity states of the sun and planets
determines the future and past states of the solar system. This echoes Laplace’s
sentiment.

But in fact this folklore is misguided. Take the theory just mentioned, or, more
precisely, take the theory T to be Newtonian gravity operating on point particles
with fixed mass in Newtonian spacetime. Then T is not deterministic with respect to
a timeslice (=all space at one instant of time) S because it is possible accordingto T
for a particle to enter spacetime without registering itself on S. S, in other words,
does not determine the particle configuration throughout the world. Such particles
Earman (1986, chapter 3) wittily calls space-invaders. Their existence in T follows
because there are initial configurations of four rocket ships that evolve so that a
mass moving between them (without collisions) approaches infinite speed within a
finite time (proved by Gerver (1986), but see also Mather and McGehee’s (1975)
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similar result which relies on collisions). The space-invader is the result of taking the
temporal reflection (which is an allowed state of affairs according to T) of this
tearaway mass.

Adjoining conditions to T designed to outlaw space-invaders turns out to be both ad
hoc and/or technically problematic, as Earman himself points out. It therefore
appears that any ‘natural’ theory of Newtonian gravity is indeterministic.
Moreover, since the source of the problem really lies with Newtonian spacetime —
that it possesses no intrinsic means of limiting the speed of particles — space-
invaders are expected as a generic feature of Newtonian theories. And wherever
theoretical space-invaders strike, determinism is bound to fall.

Fortunately the role of determinism in the relativistic realm is generally more
assured. To speak about determinism here first requires finding a relativistic
determining region analogous to the Newtonian timeslice. A slice, as defined in the
previous chapter, is the obvious choice. Like the Newtonian timeslice, slices are
very effective at determining large (4-dimensional) regions of spacetime, as we shall
see. Indeed, in the case of globally hyperbolic spacetimes a slice can be found which
determines the whole spacetime. Determining regions in the form of achronal sets
with edges also play a role in relativistic determinism. These can be thought of as
‘part of space at one time’, and they determine a region of spacetime
correspondingly smaller than that determined by a slice.

In short: we say that a relativistic theory T is deterministic with respect to a region A
(which is often taken to be an achronal set) if the physical states on A serve to fix the
physical states throughout (M, gap). And again can put this in terms of models of T:

a theory T is deterministic with respect to a region A if, given any pair of worlds w,
wE&| Wt such that w matches w¢on A, then w matches w¢ (This definition is
perfectly adequate for our purposes, but | note that defining determinism precisely
is actually a matter of subtlety and controversy. This has come to light particularly
through the recent investigations into the so-called ‘hole argument’; see for example
Butterfield (1989), Rynasiewicz (1994), and, for further references, Butterfield,
Hogarth, and Belot (1996).)

The paradigm deterministic example is the theory of Maxwellian electrodynamics in
Minkowski spacetime. This follows from the fact that the electromagnetic field and
source J* at each point in spacetime are fixed once the Maxwell tensor and source
JW has been specified on any slice of the form t=constant, where t is the usual time
coordinate.
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| have yet to say what set of events a given achronal set S actually determines. To
that end | will make this assumption about the nature of causality: the state at any
point p depends only on influences travelling on future directed causal curves with
endpoint p. This would be violated by, for example, the existence of tachyons
(Earman 1986, p. 75) or, less controversially, by the existence of ‘non-local’ aspects
within quantum mechanics (see Redhead 1987). But within my self-imposed classical
limitations, the assumption remains reasonable.

So suppose this causal condition holds in a spacetime (M, gap), and suppose further
that pl D*(S). Then every past endless causal curve through p must intersect S,
which means that the data on S should be sufficient to fix the state at p. Thus the
region intuitively determined by S contains the future domain of dependence of S.
On the other hand, future events outside D*(S) will not be determined by S because
they could be affected by influences that fail to register on S. Consequently D*(S) is
precisely the region of spacetime determined by S. (Although this gives the future
domain of dependence a physical interpretation, its principal use is as a
mathematical construct.)

D*(S2)

S2
o/\ point removed

D+(S1)

S1

Figure 7. Minkowski spacetime with a point removed. The region D*(S;)ED™(S,) is determined
collectively by S; and S,, but it cannot be determined by any single achronal set.

| note that despite the impressions given in most GR textbooks, there is no a priori
reason why a determining region in a relativistic spacetime must be achronal,
anymore than a determining region in Newtonian spacetime must be a timeslice.
Indeed in certain contexts it is necessary to choose a non-achronal set simply
because there is no achronal set that will do the job. Take the pierced Minkowski
spacetime depicted in figure 7, for example. Here the region given by
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D*(S1)ED*(S,) is determined by the non-achronal set S{ES,, but there is no single
achronal set whose future domain of dependence contains D*(S;)ED*(S;). To see
this, try drawing an achronal set first above the hole, and then below. Both
attempts fail.

The relevance of this apparently trivial point is found in section 2.3. There we
encounter a situation in which an event is determined by a specific region but not by
any achronal set within that region — and this despite one’s intuitions, and at least
one contrary claim in the literature.

Wheat and chaff

At the outset it is important to make a distinction between what might be called true
prediction and sure prediction. A true prediction is simply a statement about a future
event that is true. Keep guessing that the craps player will throw a six and soon or
later you will make a true prediction. And because truth is all that matters here,
knowledge of the truth value of the prediction — which may occur only later (by
observing the thrown dice), and perhaps quite indirectly (by receiving winnings) —
is another and quite separate issue. One can make a true prediction without
knowing it is true.

Then there is what | will call sure prediction. This is a statement about the future
which can be fully justified at the time it is made. In other words, there is every
reason to believe that a sure prediction is a true prediction. Naturally the kind of
justification | have in mind is to be given in terms of the laws of physics. So, for
example, a sure prediction might conceivably be: the falling ball will impact on the
floor after 3 seconds because the laws of physics, e.g. Newton’s law of gravitation,
viscosity laws etc., dictate that it must. On the other hand, a sure prediction of what
the craps player will throw may not be possible even in principle, for it may be that
the system (a) evolves according to chaotic laws and (b) is subject to (even tiny)
random quantum fluctuations. Our forecasts will be ruined because the micro-
uncertainty caused by (b) will be hyper-inflated by (a) to macro-uncertainty.

Of course, the ‘fully justified’ account required for sure prediction cannot be an
absolutely indubitable account; that is obviously impossible because our knowledge
of physical laws is always to some extent limited. Rather it means the next best
thing: ‘justified to the best of our current knowledge’. | grant that this is somewhat
vague, but it performs well enough to separate the kind of prediction that operates
in an idealised science from the kind of prediction that amounts to mere guessing.
Real science of course exists between the two.
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The kind of prediction under investigation here will be ‘sure prediction’. Admittedly
this side-steps a host of other kinds of prediction that occur in science (e.g. predicting
guantum measurements, the existence of spacetime singularities, or the weather)
and out of science (e.g. predicting shares prices, or love). Yet the manoeuvre is
justified, for two reasons. First sure prediction clearly does mirror, at least to some
extent, the kind prediction that occurs in normal, everyday science; and second, it
can be accurately captured in a mathematical formulation, as we shall shortly see.
So by the word ‘prediction’ I will hereafter just mean ‘sure prediction’.

Some conditions for predictability

Observers cannot make predictions without some knowledge of the future state of
world, for otherwise literally anything could be possible. So in the first instance |
will grant them knowledge of:

Conditions 2.1.1.
(a) the laws governing the physical fields;

(b) the global structure of spacetime, or at least the structure upto the event
being predicted.

Assumption (b) is reasonable enough if the predicted event lies in the near future,
but otherwise it is difficult to accept as a brute fact. However in section 2.7 | will
show if the EFE hold then (b) essentially follows from (a) together with the relevant
past data. The reason for not employing the EFE right at the outset is that the
definitions, propositions and counter-examples relating to prediction can be more
readily set-up if one does not have to contend with satisfying the EFE. And, as one
would hope, it will turn out that the investigations conducted under assumption (b)
will continue to be relevant once (b) is dropped.

How could an event be predicted? The basic idea is this: a spacetime theory T (again
theory not world) allows the prediction of (the fields at) a point p if an observer (call
her Sibyl) can gather together the data that determines p and establish the state of p
before p has happened. (Hereafter phrases like ‘establish the state of p’ will often be
shortened to ‘establish p’.) The process can be broken down into three parts.

Conditions 2.1.2
(1) p must be determined by the appropriate past data;

(2) Sibyl must be able to gather that data before p, say at q.
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(3) Sibyl must establish p from this data before p, say at g.

(2) is essentially a geometrical condition, which I will deal with in the next section.
For now, let us assume that (2) holds (so Sibyl can gather the data by q in the
manner illustrated schematically in figure 8), and address conditions (1) and (3),
which are concerned with the physical fields on spacetime.

Sibyl

null geodesic— typical influence on p

)

Figure 8. A schematic illustration of how Sibyl could make a prediction. Every influence on p is
registered in g’s past, which provides the information for Sibyl to calculate the state at p.

The role of the physical fields

Keep an eye on figure 8. Condition (1) is satisfied if the influences on p lying in J(q),
together with their governing laws, determine the state at p. For otherwise
knowledge of the data in J(q) (which is all Sibyl at q has to go on) will not be
sufficient to infer the state at p.

And as a step towards satisfying (3) we might insist that p’s state is a continuos
function of the data in J(q), because otherwise Sibyl would have to perform the
unfeasible task of measuring the physical field with absolute accuracy. (It is true that
without this accuracy Sibyl with fail to predict p exactly, but if the continuity
condition is in place then she can predict p with greater and greater accuracy by
making finer and finer measurements of the past physical fields.)

Technically speaking, the combined conditions of the last two paragraphs amount to
saying that the theory embodying these laws admits a well-posed initial value
formulation; that is, that the dynamical evolution of the system is completely
determined by and is continuous with respect to the ‘appropriate’ initial data (see
Wald 1984, chapter 10). Many classical theories are of this kind, e.g. Maxwellian
electro-magnetism and the classical Klein-Gordon field in Minkowski spacetime.

Now it depends on one’s construal of ‘in principle’, but | am happy to count this
well-posed initial value formulation condition as sufficient for prediction in principle
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(of course if (2) holds). Obviously a claim of this kind is not true or false; the best
that can be said is that it is an interesting statement to make. The justification in this
case is partly a matter of hindsight, because it will transpire that it is the geometry of
spacetime, and not the physical fields, that plays the crucial role in prediction.
Specifically it will be shown that in general the geometry creates an insurmountable
obstacle to prediction. The strength of this negative result is therefore enhanced if
prediction is given every other opportunity to work, by, for example, making the
conditions on the physical fields as weak as is credibly possible. This is why I am
content to say the physical fields need only admit a well-posed initial value
formulation.

But before turning to the geometric issues, | want to add some comments —
comments which are largely incidental to my discussion but important perhaps to
those who are dissatisfied by my construal of ‘in principle’ — about how condition
(3) might be met more realistically.

Since Sibyl presumably has to establish the state at p using a computer, the state at p
should be computable from the J (q) data. That is to say, a suitably programmed
Turing machine could, when given this data, compute the state at p in a finite
number of steps.” While this assumption may sound innocuous, it is perhaps
sobering to note that Pour-El and Richards (1981) have shown that there are
solutions of the ordinary wave equation that are deterministic with respect to an
initial data set but whose future evolution is not computable. (This, incidentally,
highlights the distinction between determinism and computability.) If non-
computability did prove to be a generic feature of physical theories, as this result
might suggest, then there are those who would claim that predictability has been
dealt the coup de grace.® This remains to be seen, however, because the trouble-
causing data sets found so far are not ‘smoothly varying’, which is something one
would normally require of a physical field.

I might add, parenthetically, that the result by Pour-El and Richards, ingenious as it
is, should really come as no surprise. Just because we humans use Turing machines
to establish the evolution of physical systems does not imply, or even suggest, that
Nature itself evolves in a Turing computable way. It is true that there is an intuitive
idea that Nature needs to calculate her evolution, so to speak, ‘in advance’ . But the

7 By ‘computable’ | mean here ‘Grzegorczyk computable’ because the computer is manipulating
functions of the reals (not integers); see Earman 1986, p.116.

8 The non-Turing computers discussed in chapter 3 would not help because they depend on a naked
singularity which would itself destroy the possibility of prediction.
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idea is not to be taken seriously. Nature can surely proceed without knowing where
she’s going. After all, humans do. (Here again we touch on the
determinism/prediction distinction.) And in fact it is not entirely clear to me that
even the notion that Nature computes her own evolution is a consistent one. The
problem is that any such computer must by definition be part of Nature, which
raises a question: what computes the evolution computer’s evolution? The same
computer? Or another? A self-referential paradox seems to loom over the first
option, an infinite regress over the second.

Returning to condition (3), we might also want to guarantee that Sibyl has enough
time to perform the said computation. To this end it should be ensured that the
computational rate required to compute the state at p should not exceed, or at least
not wildly exceed, that which is physically possible, or is physically reasonable or is
practically possible, or possible using current computers, or , Where the blank
is filled with your favourite kind of possibility.

| could continue to sketch the ideal home for (3), but, as | just remarked, the most
interesting aspect of prediction lies elsewhere, in the geometry of spacetime.

The awkward role played by geometry

Attention can justifiably be restricted to spacetimes which do not possess closed
timelike curves, because it is a trivial matter to predict an event in one’s future if that
event also lies in one’s past. In fact, it will be convenient to assume the very slightly
stronger condition of strong causality. (This global condition is dropped in section
2.9)

It is helpful to begin by considering how a prediction might be engineered in the
simplest of all relativistic spacetimes. So suppose that our observer Sibyl is in
Minkowski spacetime and that she wants to make a prediction about the future state
of an appropriately well-behaved (in the above sense) physical field, e.g. the
Maxwvell field. Then this much is clear: if Sibyl were equipped with the data on some
Cauchy surface then she could use Maxwell’s equations to predict the entire future
evolution of the field. However, since Sibyl is an actual observer and not some
disembodied spirit who is just ‘handed’ the Cauchy surface data (recall Laplace’s
demon), this data can only be revealed to Sibyl after it has passed into her past light
cone — which is impossible in Minkowski spacetime because no point lies to the
causal future of a Cauchy surface. See figure 9. (According to lemma 2.5.3 a Cauchy
surface to the past of a point is necessarily compact; but the Cauchy surfaces of
Minkowski spacetime are all :3.)
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t=0 (Cauchy surface)

Figure 9. Minkowski spacetime. The event p is determined by the Cauchy surface t=0, but Sibyl
(currently at q) cannot position herself to the future of this (or any) Cauchy surface.

Undaunted, perhaps Sibyl could try to perform the less ambitious task of predicting
just one future event. This would mean only having to examine an appropriate
determining region S of finite extent (pl D*(S)) — a task which is perfectly possible.
But alas prediction is again thwarted, since one can show that by the time the
determining region has passed into her past light cone, ready for examination, Sibyl
has passed into the future of the event she wanted to predict. Thus located, she can
only retrodict (see Geroch 1977, p. 88, Earman 1986, p. 193). See figure 10. (A
corollary of proposition 2.3.2 below shows formally that prediction in Minkowski
spacetime is impossible.)

Figure 10. Minkowski spacetime. Since pl D*(S), S determines p. At q Sibyl decides to engineer a
prediction of p by reading the relevant data off S. But to do this she has wait until r when S
becomes accessible, and unfortunately by that time p is in her past. Failed again.
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2.2 Critique of Geroch’s paper ‘Prediction in General Relativity’

The first rigorous definition of a ‘predictable event’ was given by Geroch (1977).°
Unfortunately the definition is not entirely satisfactory. In fact, although the paper
has been justly influential, it actually carries a number of important technical errors.
One of my aims here is to provide the relevant corrections. The salient points of
Geroch’s paper are as follows.

(G1) A precise definition of a predictable event.
(G2) An unproved claim that every LP spacetime admits a compact slice.

(G3) An unproved claim that the data determining a predicted event can
always be read off an achronal set.

I will deal with (G1) now, and then (G2) and (G3) in the next section.
Addressing (G1)
According to Geroch, we should say that an event p is predictable from an event q if:

(a) every past endless causal curve through p intersects I (q);
(b) I'(P)ZI (a)-

He explains his choice of conditions as follows ‘The point q represents the point (of
our predicting observer) at which all the information has been collected. Then the
set | (q) represents that region of spacetime from which information could reach q.
The first condition [(a)] requires, physically, that every signal that could affect p must
have come from 1 (q), i.e. that every such signal could have been recorded and
carried to q. The second condition [(b)] requires essentially that p is notin 1 (q), i.e.,
that we have prediction at p rather than retrodiction.’

My first point of criticism is a trivial one: condition (b), as stated by Geroch, is just an
obtuse way of stating that pi 17(q).

9 Budic and Sachs’ (1976) offer an alternative definition, as we shall see, but unlike Geroch they do
little to connect it with the concept of predictability; rather it is presented more as an interesting
mathematical definition.

34



The second point though is more significant. His condition (a) does not seem to
reflect his corresponding physical idea because the region from which information
can reach q is surely J (q), not I (q).

Other shortcomings will become clear in the light of an example which contains
events that are predictable according to Geroch’s (a) and (b). | will speak of these as
G-predictable events.

identify
Sibyl

Figure 11. A four-dimensional spacetime obtained by drawing two small, spacelike, three-
dimensional disks in Minkowski spacetime and then identifying the ‘lower’ edge of S; with the
‘upper’ side of S,. The ‘rim’ of each identified disks is removed (because otherwise the manifold
would have a boundary).

(The construction in figure 11 is a spacetime because the metric joins across the disks
smoothly. To gain a mental picture, it helps to imagine that top of S; and the
bottom of S, are joined by a smooth tube or ‘worm hole’.)

In the spacetime depicted in figure 11 the point p is G-predictable from q. This
follows because every past endless causal curve through p intersects J(q), and
al I*(p).
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Now Geroch’s condition (b) ensures that g is not in p’s future but it does not ensure
that g isin p’s past — the spacetime in figure 11 illustrates that much. But this
suggests that condition (b) is inappropriate, for surely the ‘pre’ suffix of the word
‘prediction’ denotes ‘before’ or ‘in the past’, not ‘not in the future’. Itis true that in
Newtonian spacetime there is no distinction (‘present’ aside) between ‘in the past’
and ‘not in the future’, but that does not give us license to conflate these relations in
the relativistic realm. With the distinction rightly upheld, relativistic prediction
means the inference of a future event from a past event. Of course this is not to say
that inference of events that are not in the past is uninteresting; only that it does not
deserve the appellation ‘prediction’. It would make more sense to call G-prediction
‘inference of non-past events’.

identify
Sibyl

S1

Figure 12. A spacetime obtained by taking the spacetime depicted in figure 11 and removing a disk
of points as shown.

There is another reason why G-prediction seems to mirror only dimly true
prediction. We expect that having made a prediction an observer can somehow
verify that prediction, either directly by actually visiting that event or indirectly by
receiving information from that event at a later time. Geroch implicitly
acknowledges this, pointing out that with his prediction — G-prediction —
sometimes direct verification is possible and sometimes only indirect verification is
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possible. For example, only indirect verification of p is possible in the spacetime in
figure 11, which can occur when Sibyl reaches an event to future of p, u say.

But in fact a G-predictable event can be absolutely unverifiable. To see this, take the
example in figure 11 and remove a three-dimensional disk of points, as depicted in
figure 12. Any signal from p will soon vanish into the hole left by the removed disk.
Consequently Sibyl can never intersect J*(p), so the prediction that took place at
event g cannot be even indirectly verified.

G-prediction is, in short, too broad, for it can includes cases where the ‘predicted’
event is not in the future and also cases where verification is absolutely impossible.

The aim now is to formulate a better definition. Suppose we focus first on the case
of prediction in which direct verification is possible. Then I suggest that if an event p
is ‘predictable’ from an event q then the following should hold:

(a) q is to the past of p (prediction);

(b) the region that g can causally access contains the data that determines p;
(c) an observer who passes through g must be able to visit p;

(d) pis not in a region g can causally access.

Conditions (a), (b) and (c) are self-explanatory; condition (d) is there to make sure
that q cannot acquire knowledge of p directly.

The corresponding mathematical conditions are:
(a¢) ol J(p);
(b¢) every past endless causal curve through p must intersect J (q);
(c¢) al 17(p);
(d¢) pl T ().

It is clear that condition (a¢) is implied by (c¢). Moreover, since strong causality
holds, (a¢) also implies (d¢). Thus (a¢), (b¢), (c¢), and (d¢) are equivalent to just (b¢)
and (c¢). These two conditions then are to be satisfied if prediction with direct
verification is possible.
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On the other hand, if we are concerned with prediction with direct or indirect
verification, then condition (c¢) would be dropped, leaving just condition (a¢), (b9,
and (d9. These three are seen to be equivalent to just (a9 and (b9. Comparing this
with the previous paragraph reveals that indirectly verifiable events that are not
directly verifiable must lie on (not in) g’s future null cone; see figure 13.

——— identify————

J=(q)

Figure 13. A spacetime formed by identifying the edges of a spatially finite segment of 2-
dimensional Minkowski spacetime. p is predictable from g and direct verification is possible
(conditions (b¢) and (c¢)); rhowever is predictable from q but only indirect verification is possible
(conditions (a¢) and (b¢)).

Since the difference between the sets of directly verifiable and indirectly/directly
verifiable predictable events is slight and of no great theoretical importance, | will
assume hereafter that prediction entails direct verifiability. This suggests the
following definition.

Definition 2.2.1. In a strongly causal spacetime (M, gap), define the domain of prediction
of a point g, P(q), as the set of points p such that

(i) every past endless causal curve through p intersects J (q),
(i) al 1(p).

Moreover, if the spacetime (M, gap) possesses points p and q such that pi P(q), then |
shall say that (M, gap) is a locally predictable (LP) spacetime, and p is a locally predictable

(LP) event.

In the spacetime pictured in figure 14, the event p is predictable from the event q.
But not every event is predictable. Event z, for example, is not predictable because
the past endless null geodesic u fails to intersect | (z), and a fortiori fails to intersect
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J(x) for any xi 1(z). Thus there is no x for which P(x)=z. Moreover, it is also true
that P(z)=A which means that no predictions whatsoever can be made at z.

—identify——

z
N
q

— point removed

Figure 14. A LP spacetime formed by identifying the edges of a spatial segment of 2-dimensional
Minkowski spacetime, and removing a point. p is predictable from g, i.e. pl P(q); but z is not
predictable from any event. Moreover, P(z)=/A&

That P(q) is empty in Minkowski spacetime follows from the fact that given any two
points p and q in this spacetime, either gl 1 (p) or there exists a past endless causal
curve through p which fails to intersect J (q). Two such curves are shown in the
usual representation of Minkowski spacetime depicted in figure 15(a). One can
represent how these curves do not enter J (q) somewhere ‘off the page’ by using the
Penrose diagram or, as it is now known the Carter-Penrose diagram (Hawking and
Penrose 1995, p. 41), of Minkowski spacetime, depicted in figure 15(b). In this
representation infinity is brought to a finite distance by means of a conformal
transformation that preserves causal relations (Hawking and Ellis 1973), pp. 120-
123). The severity of the reduction allows one to adjoin points at infinity to the
diagrams. So A* represents the terminus of outgoing null lines; i* the terminus of
timelike geodesics. (These points do not correspond to anything in spacetime or, a
fortiori, to anything in the world; they are mathematical constructs only.) Since the

LP conditions are cauched in purely causal terms, we have the following: A spacetime
(M, gap) is LP if and only if the ‘Carter-Penrose diagram of (M, gap)’ is LP

The scare quotes are there to remind us that a Carter-Penrose diagram is, strictly
speaking, not a spacetime — so it cannot, strictly speaking, be LP.
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@) (b)

Figure 15. In Minkowski spacetime (a), A and u each go to past infinity and never intersect J(q).
This is confirmed in the corresponding Carter-Penrose diagram (b).

2.3 The structure of locally-predictable spacetimes

There is another way to view the domain of prediction based on the existence of a

specific achronal set that determines the predictable event. Suppose that in a
spacetime (M, gap) there are points p, qi M such that pl P(q). Then every past

endless causal curve through p enters J°(q), but since pi J(q) (for otherwise there

would be causality violations), each such curve must intersect the boundary of J (),
T (q). Let S=1U(q). Now since S is an achronal set (Hawking and Ellis 1973,

proposition 6.3.1), we see that LP condition (i) is equivalent to requiring that
pl D*(S). Coupling this to LP condition (ii) gives the following:

Lemma 2.3.1. P(q)l D*(S)CI*(q).

I have three remarks concerning this result.

First, | do not know whether the ‘I * can be replaced by ‘=10 It is certainly
conceivable that D*(S)CI*(q) could be larger than P(q), because there could be a

pointy in 1*(q) such that a past endless causal curve through y intersects S but not
J(q) (remember that in general S=1J (q)ZJ (g)). But I cannot find an example of this.

Secondly, since in general 7 (q)EJ (q), not all the determining information on 1J7(q)
may be accessible by q. (This occurs in the spacetime depicted in figure 16.)

10| unjustifiably asserted equality in Hogarth (1993).
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Finally, it would be nice if ‘P(q)I D*(Z)CI*(q)’, where Z=E(q) because in that case the
determining data could be received by q on light rays. However, in general this is
false. (Again, the spacetime depicted in figure 16 provides a counter-example.)

Showing that (G2) is false

Recall that (G2) is Geroch’s claim without proof that every LP spacetime is closed in
the sense that it must possess a compact slice. The following counter-example
reveals that it is false. (After several unsuccessful attempts at proving this claim, |
turned to Geroch himself. In the course of our discussions, he discovered a counter-
example, which I have adapted into the one given here.)

t=0

Figure 16. A LP spacetime with no compact slice. Due to an effective ‘widening’ of g’s past light
cone, the point r1 J(q).

To create the counter-example, we start with 3-dimensional Minkowski spacetime,
and draw four concentric circles C1, C», C3, and Cy4 in the plane t=0, as depicted in
figure 16 (which is not drawn to scale). We can take the circles’ respective radii to be
1, 2,3 and 4. The pointp (respectively, q) is given by the apex of the past light cone
whose intersection with t=0 is C3 (respectively, C;). Now remove 8 equally spaced
disks of radii 0.01 on C; that lie within the plane t=0, and do the same for eight disks
of radii 0.01 on C4. Next, identify the upper face of the spacetime (where it used to
meet a disk) for each disk on the C; with the lower face of the spacetime for the
corresponding disk on C4. (To keep the figure simple, | have indicated only one
identification, but of course there are eight in all.) The rims of all 8 identified disks
are then removed in the manner of figure 11.

| now claim that every past endless causal curve from p enters J (q). Intuitively this
is so because the identifications have produced an effective ‘widening’ of q’s past

light cone to such an extent that eventually it envelopes the past light cone of p. This
becomes evident if we examine, say, the plane t=-5 (labelled X;=_g, pictured in figure
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17, and again not drawn to scale), by which time J (p) is completely contained in

J ().

I(C2)CZ=5
19(C3)C2t=5
13 (CyCZi=5

J(P)CZt=-5
(=shaded region)

Figure 17. The setJ(q)CZt=—s is the total ‘flower’. It contains the set J(p)CZt=—s , represented by
the shaded region.

This spacetime is therefore LP, but, of course, it has no compact slice (or anything
remotely resembling that). We note also that it is stably causal (implies strongly
causal), since all identifications take place on the plane t=0.

We can rescue something of Geroch’s claim by imposing an additional condition on

the LP spacetimes. We first recall that for a closed achronal set S in a spacetime
(M, gap), the future Cauchy horizon of S, is labelled H*(S) and defined by

H*(S) = clos [D*(S)] - I [(D*(S)].

The Cauchy horizon of S, H(S), is the union of H (S) and H*(S). It is a standard result
that {D(S)=H(S) (Wald 1984, proposition 8.3.6). Recall also that for a set R in
(M, gap), the set J*(R)-1"(R), called the future horismos of R, is labelled E*(q). Finally,

| note a simple identity: I (q)=1J (q).

Proposition 2.3.2 (Hogarth 1993). Suppose (M, gap) is an LP spacetime with points p, g
such that pl P(q). Suppose further that 1J7(q)=E(q). Then (M, gap) admits a

compact slice.

Proof. Let S=1J (q)=E (q). By proposition 6.3.1 in Hawking and Ellis 1973, S is a slice.
It will be shown that S is compact. By lemma 2.3.1 pi P(q) implies
pl D*(S)CI*(@)l D(S). | claim that pi int(D(S)). Suppose for a reductio that
pl int(D(S)). Then pi TD(S)=H(S)=H (S)EH*(S). But pi 1*(S) implies pi 1*(D*(S))
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implies pi H(S). So pl H*(S). Now since S is edgeless (it is a slice), the corollary of
proposition 6.5.3 in ibid. implies that H*(S) is a slice (implies achronal) generated by
past endless null geodesics. Hence p must lie on one such past endless null geodesic
that fails to meet 1 (p) and a fortiori fails to meet J(q)l 1"(p) — which contradicts the
hypothesis that pi P(q). Hence pl int(D(S)). In this case, proposition 6.6.6 in ibid.
implies that J*(S)CJ (p) is compact. This compact set contains S since, obviously
SI J*(S), and S=E (q) and qI 1" (p) implies thatSI J°(p). S is therefore a closed set (it is
a slice) contained in a compact region, which means S itself must be compact.”

Although the condition of 1J (q)=E (q) can be violated in some spacetimes (e.g. the
counter-example above, Minkowski spacetime with a point removed, anti-de Sitter
space and the Reissner-Nordstrom solution), it is trivially satisfied in so—called
causally simple spacetimes (ibid., p. 188) — spacetimes for which 1J (p)=E (p) and
19t (p)=E*(p) at every point p. Itis a standard result that all globally hyperbolic
spacetimes (that is, spacetimes that admit a Cauchy surface) are causally simple
(ibid., proposition 6.6.1). We saw in chapter 1 that strong cosmic censorship is
equivalent to global hyperbolicity, so we have the following:

Corollary 1 (Hogarth 1993). If (M, gap) is a LP spacetime which satisfies strong cosmic
censorship, then (M, gap) is closed in the sense that (M,gap) admits a compact

slice.

Corollary 2. Minkowski spacetime, the k=0,-1 Robertson-Walker spaces and the
Schwarzschild solution are not LP spacetimes.

Proof. Each of these solutions is globally hyperbolic but does not possess a compact
slice.”

Showing that (G3) is false

The relevant statement is given by Geroch (1977, p. 91): ‘[point x is G-predictable
from q] if and only if I (X)ZI (q), and, in addition, there is a three-dimensional,
achronal surface S in I (q) with x in D*(S).” (G3) is the ‘only if’ part of this statement.
The ‘if’ part is clearly true, but although (G3) rings true it is actually false.

Consider the following: ‘x is in P(q) only if there is a three dimensional, achronal
surface SI J(q) with x in D*(S)".

It would be doubly interesting for us if this statement turned out to be false. For on
the one hand it would disprove (G3) (because (a) pl P(q) implies p is G-predictable
from g, and (b) SI I7(q) implies Si J(q); the falsity of (G3) would then follow by
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modus tollens); and on the other, it would say something interesting about LP
spacetimes. Of course it is false.

To create the counter-example, take the spacetime depicted in figure 16 and remove
two points in the manner shown in figure 18. Since every past endless causal curve
through p that reaches either hole must intersect J (q), it follows that the removal of
these two points preserves pl P(q).

) S
point removed —> — point removed

identify

Figure 18. A ‘detail’ of the spacetime depicted in figure 16 but with two extra points removed.

Now suppose there is an achronal set S J(q) such that pl D*(S). Then in order for S
to catch the causal curvel , S must intersect A before the hole on the right is reached,
at some point y say, as depicted in figure 18. Similarly S must also intersect the
causal curve u before the hole on the left is reached, at some point x say. But if the
hole on the right is close to q (as we can choose it to be), then any such y can be
joined to any such x by a timelike curve that passes through the identified disks.
Hence S is not achronal.

(The achronal set given by {I (q) determines p, in accordance with lemma 2.3.1, but it
does not lie in J (q).)

In addition to disproving (G3), this example reveals that: if a prediction is possible then
the relevant data cannot necessarily be read off a single past achronal surface. Thus in
some universes prediction must entail consulting a range of achronal surfaces or
perhaps even a spatio-temporal ‘block’.
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2.4 Future-set predictable spacetimes

Since in principle we can affect and reach all future events, it is natural to wonder
what kind of spacetimes allow at least one observer to predict her entire future.
This is, | presume, the motivation that lead Muller-Hoissen (1981) to consider
spacetimes (M, gap) that admit at least one event q with the following property: each
past endless causal curve that intersects 17(q) also intersects | (q). | shall call such
events, future-set predictable (FSP) events; spacetimes that possess at least one FSP
event are then FSP spacetimes. An example of an FSP spacetime is depicted in figure
19.

- point removed

identify

Figure 19. A FSP spacetime obtained by identifying the edges of a spatial segment of 2-dimensional
Minkowski spacetime and removing a point. yis an FSP event. x is not an FSP event since the past

endless causal curve u intersects 1*(x) but fails to intersect 17(x).

As | just hinted, the term ‘future-set’ refer to the fact that an observer at an FSP
event can predict not just some future events (as can happen in LP spacetimes) but all
events in her chronological future. Here we understand ‘predict’ in the exact sense
of LP spacetimes. That is: if g is an FSP event, then 1*(q)l P(q). (This would also have
followed if we had defined an event g to be FSP if each past endless causal curve that
intersects 17(q) also intersects J (q). In the light of remarks above, this definition is
obviously better motivated than Muller-Hoissen’s. However, | shall follow Muller-
Hoissen since he is consistent with another paper | want to discuss, viz. Budic and
Sachs 1976.)

Clearly every FSP spacetime is an LP spacetime; however the spacetime depicted in
figure 20 shows the converse is false.
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< strip removed

oy

identify

Figure 20. A spacetime formed by identifying the edges of a spatial segmentﬂof 2-dimensional
Minkowski spacetime and removing an infinite strip. The spacetime is LP since yl P(x); but it is not
FSP since for any point, e.g. X, there is always a past endless causal curve, e.g. u, that intersects

I'*(x) but does not intersect I (x).

In his paper Miller-Hoissen claims to prove that every FSP spacetime admits a
compact slice. But like Geroch’s similar claim about LP spacetimes, it too is false.1!
Curiously Muller-Hoissen seems to have made the mistake without knowing of
Geroch’s ‘result’; at least he makes no reference to him. Cosmic resonance, it seems,
relays false ideas too. The counter-example appears in figure 21.

This spacetime is constructed by taking the spacetime pictured in figure 16 and
removing a spacelike disk of points, which lies just to the future of g and which
eclipses J*(q). The point q is FSP because any past endless causal curve that intersects
I*(q) cannot avoid (eventually) intersecting the artificially widened I ().

11 Those who seek the error in Miller-Hoissen’s proof should note that his lemma 1.3 cannot be
applied to his lemma 1.2.
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Figure 21. A FSP spacetime with no compact slice.

Again, a result of sorts can be salvaged, for we can couple proposition 2.3.2 with the
fact that every FSP event requires at least one LP event to give the following:

Proposition 2.4.1 (Hogarth 1993). Suppose (M, gap) IS an FSP spacetime with FSP
event . Suppose further that 1 (q)=E (q). Then (M, gap) admits a compact

slice.

Corollary. If (M, gap) satisfies strong cosmic censorship and is FSP, then (M, gap) is
closed in the sense that it admits a compact slice.

2.5 Generalised predictable spacetimes

It is natural to wonder what kind of spacetimes are such that every event is LP —
what I shall call everywhere locally predictable (ELP) spacetimes; or such that every
event is FSP — what | shall call everywhere future set predictable (EFSP) spacetimes. In
ELP spacetimes every event can be predicted from some past event; while in EFSP
spacetimes every event can predict its own future.

In this section | will first relate EFSP spacetimes to the notion of a TIF. This will lead
to the equivalence of the classes of ELP and EFSP spacetimes. | will then consider an
apparently stronger condition, called everywhere completely predictable (ECP), and
show that it is in fact equivalent to ELP and EFSP.

So the first result we prove concerns EFSP spacetimes and uses the notion of a
terminal indecomposable future-set (TIF) (I take my definition from Penrose 1979, p.
621; but see also Hawking and Ellis 1973, p. 218). These are points adjoined to the
spacetime to represent either ‘past singularities’ or ‘points at past infinity’. (An
analogous definition exists for a terminal indecomposable past-set.) The idea is to
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regard two past endless causal curves, u and v, say, as terminating at the same point
at past infinity